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abstract
We discuss Kowalski-Glikman type pp-wave solutions with unbroken supersymmetry
in 6 and 5 dimensional supergravity theories.
In this small note we want to discuss pp-wave solutions with unbroken supersymmetry,
the so-called Kowalski-Glikman solutions, in lower dimensional supergravity theories. The
known KG solutions [1, 2, 3] consist of some covariantly constant fieldstrength and a metric
which has the form of a pp-wave, i.e.
ds2d = 2du (dv + Adu) + dx
idxi , (1)
where A = xiAijx
j (i, j = 1 . . . d− 2). For this metric, the only non-vanishing component
of the Ricci curvature is Ruu = 2η
ijAij and by introducing light-cone coordinates in the
tangent-space we find that the only non-vanishing component of the spin-connection is
/ωµ = 2δuµ∂iAγ
i+.1
The basic problem one is faced with when looking for non-trivial solutions of supergrav-
ity theories which preserve all supersymmetry are the dilatino equations, since they are
algebraic in nature. Clearly, the easiest way to avoid such trouble is by not having dilatino
equations in the first place. Sometimes however, one can make use of special properties of
the dilatino equations in order to find non-trivial vacua. The first example is d = 10, N = 1
supergravity where one can use the chirality of the theory [4] in order to find a solution
which preserves all supersymmetry. Another example is type IIB supergravity, where one
can find such such solutions, notably the aDS5 ⊗ S
5 solution and the Kowalski-Glikman
type solution presented in [2], with RR 5-form flux since the dilatino equation does not
contain a contribution of the 5-form fieldstrength [5]. The fact that the type IIB dilatino
variation does not depend on the 5-form fieldstrength is however due to the fact that it is
self-dual and that the spinors are chiral. One is therefore tempted to say that non-trivial
solutions with unbroken supersymmetry exist whenever there are no dilatinos or when the
theory is chiral and it is these kind of theories we are going to examine.
1We use the mostly minus signature for the metric, the γ matrices satisfy {γµ, γν} = 2gµν and the co-
variant derivative on spinors is taken to be ∇ǫ = dǫ−4−1/ωǫ. We also introduce the light-cone combinations
γ+ = γu and γ− = γv +Aγu, which satisfy {γ+, γ−} = 2 and {γ±, γ±} = {γ±, γi} = 0.
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There are not many supergravity theories that are chiral or have no dilatinos, so that
the investigation of the existence of KG solutions is rather limited. The highest dimensional
possibilities have already been presented in the literature, namely by Kowalski-Glikman in
the case of M-theory [1] and by Blau et. al. for type IIB [2]. The next on the list is N = 1
d = 10 supergravity. Such an investigation was carried out by Kowalski-Glikman [4] who
showed that the solution is not of the pp-wave type, but rather has geometry aDS3⊗S
3⊗E4.
A similar analysis was performed on the N = 2 d = 4 supergravity [3] showing that the
only supersymmetric solutions are the Robinson-Bertotti and the KG solution. This means
that the only remaining candidates are d = 6 (2, 0) or (4, 0) supergravity and d = 5 N = 2
supergravity. Although N = 1 d = 4 supergravity matches the profile, it can be discarded
since the integrability condition for the Killing spinor equation implies that the space must
be Riemann flat, i.e. Minkowski.
The d = 6 (2, 0) supergravity comprises of the graviton, eaµ, two symplectic Majorana-
Weyl Rarita-Schwinger fields, combined into the USp(2) vector Ψµ, and a 2-form B whose
fieldstrength, H = dB, is self-dual. As such one is faced with the same problem as in type
IIB supergravity. A Lorentz invariant action can however be written down by introducing
a Lagrange multiplier field [6], by writing a non-self-dual action as in [7] or by adding an
anti-symmetric tensor multiplet [8]. However, using the conventions of [9] the equation of
motion for the metric reads
Rµν =
1
4
HµκρHν
κρ . (2)
Choosing the self-dual Ansatz H = λdu ∧ (dx1dx2 + dx3dx4) the above equation is solved
by choosing 2ηijAij = −λ
2.
The Killing spinor equations in this case read
0 = δΨµ = ∇µǫ −
1
8·3!
/Hγµǫ . (3)
By observing that due to the self-duality of H we have /Hγµǫ = 2 · 3!λγ
+γ12γµǫ, we can
see that the Eq. (3) is automatically satisfied in the v direction. The equations in the i
direction reads
0 = ∂iǫ − Ωiǫ : Ωi =
1
4
λγ+γ12γi . (4)
Following [2, 10] these equations, since ΩiΩj = 0, are solved by ǫ = (1 + x
iΩi) ξ(u). In
the u-direction Eq. (3) reduces to
∂uǫ − x
iAijγ
jγ+ǫ − Ω−ǫ = 0 , (5)
where the combination Ω− = 1
4
λγ+γ12γ− was used. By making the Ansatz ξ = exp (Ω− u) ǫ0,
with ǫ0 an unconstrained constant symplectic-MW spinor, all x-independent terms are can-
celed leaving
xiAijγ
jγ+ǫ0 = −
1
8
λ2xiγi γ
+ǫ0 . (6)
This equation is readily solved by Aij = −
1
8
λ2ηij, which is compatible with the equations
of motion.
The d = 6 (4, 0) supergravity is invariant under global USp(4) ∼ SO(5) (See Ref. [11]
and refs. therein) and its field content is a Sechsbein, eµ
a, 4 symplectic MW spinor, which
2
are combined into an SO(5) vector Ψµ, and 5 2-forms B
I which have self-dual fieldstrengths
and transform as a vector under SO(5). The equations of motion and the supersymmetry
transformation are
0 = Rµν −
1
4
HIµκρHν
κρ I ,
0 = δΨµ = ∇µǫ −
1
8·3!
/HγµΓ
Iǫ , (7)
where the Γ’s belong to the 5-dimensional Euclidean Clifford algebra. The (2, 0) solution
can be embedded into the (4, 0) theory by taking only the I = 1 component to be different
from zero. The calculations are just the same as in the (2, 0) case, the only difference
being that every Ω has to be multiplied by Γ1. The result is however the same: (4, 0)
supergravity admits a KG-type wave solution that breaks no supersymmetry whatsoever.
The last on the short-list is d = 5 N = 2 supergravity [12]. Its field content consists
of a Fu¨nfbein, eµ
a, two symplectic Majorana Rarita-Schwinger fields Ψµ and a vector Vµ
whose fieldstrength will be taken to be
F = du ∧ λidx
i . (8)
Since the chosen form for the field strength is, given the metric (1), covariantly constant
and has an overall dependence on the differential du the equation of motion for the vector
field is automatically satisfied. The equation of motion for the metric reads
Rµν =
1
2
[
FµκFν
κ − 1
6
gµνF
2
]
, (9)
and leads to the condition 4ηijAij = λiλ
i. The supersymmetry variation of the gravitino
reads [12].
0 = δΨµ = ∇µǫ +
1
8
√
3
/Fγµǫ −
1
4
√
3
Fµνγ
νǫ . (10)
The analysis is completely analogous to the one for the (2, 0) theory, but for the definitions
Ωi = −
1
4
√
3
γ+ [λjγ
jγi + λi] , Ω
− = 1
4
√
3
λiγ
i (γ+γ− + 1) . (11)
One finds that the analogue condition to Eq. (6) reads
xiAijγ
jγ+ǫ0 = x
i
[
Ωi,Ω
−] ǫ0 , (12)
where, as before, ǫ0 is an unconstrained symplectic Majorana spinor. After some γ-
manipulations, one finds the matrix A to be
Aij =
1
24
{
3λiλj + λlλ
lηij
}
, (13)
which is compatible with the equations of motion. Of course we could make use of the
SO(3) invariance to put λ2,3 = 0 and we find A to be proportional to diag(4, 1, 1).
In this small note we have presented Kowalski-Glikman type solutions, solutions that
do not break any supersymmetry and that look like pp-waves, in in chiral 6-dimensional
supergravities and in N = 2 d = 5 supergravity. Since we used rather restrictive criteria,
absence of dilatinos or chirality, it would be nice to consider other theories and see whether
they admit to KG solutions. Work in this direction is in progress.
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